Background In planarian flatworms, the mechanisms underlying the activity of collec-14 tively pluripotent adult stem cells (neoblasts) and their descendants can now be studied 15 from the level of the individual gene to the entire animal. Flatworms maintain startling 16 developmental plasticity and regenerative capacity in response to variable nutrient con-17 ditions or injury. We develop a model for cell dynamics in such animals, using methods 18 of nonlinear dynamics, assuming that fully di↵erentiated cells exert feedback control on 19 neoblast activity. Results Our model predicts a number of whole organism level and 20 general cell biological and behaviours, some of which have been empirically observed or 21 inferred in planarians and others that have not. As previously observed empirically we 22 find: 1) a curvilinear relationship between external food and planarian steady state size; 23 2) the fraction of neoblasts in the steady state is constant regardless of planarian size; 24 3) a burst of controlled apoptosis during regeneration after amputation as the number 25 of di↵erentiated cells are adjusted towards their correct homeostatic/steady state level. 26 In addition our model describes the following properties that can inform and be tested 27 by future experiments: 4) the strength of feedback control from di↵erentiated cells to 28 neoblasts (i.e. the activity of the signalling system) and from neoblasts on themselves 29 in relation to absolute number depends upon the level of food in the environment; 5) 30 planarians adjust size when food level reduces initially through increased apoptosis and 31 then through a reduction in neoblast self-renewal activity; 6) following wounding or exci-32 sion of di↵erentiated cells, di↵erent time scales characterize both recovery of size and the 33 two feedback functions; 7) the temporal pattern of feedback controls di↵ers noticeably 34 during recovery from a removal or neoblasts or a removal of di↵erentiated cells; and 8) 35 the signaling strength for apoptosis of di↵erentiated cells depends upon both the absolute 36 2 and relative deviations of the number of di↵erentiated cells from their homeostatic level. 37 Conclusions We o↵er the first analytical framework for organizing experiments on 38 planarian flatworm stem cell dynamics in a form that allows models to be compared with 39 quantitative cell data based on underlying molecular mechanisms and thus facilitates the 40 interplay between empirical studies and modeling. This framework is the foundation for 41 studying cell migration during wound repair, the determination of homeostatic levels of 42 di↵erentiated cells by natural selection, and stochastic e↵ects.
minimum remaining tissue size is needed for such recovery after artificial amputation [23] , 83 but given that minimum size the entire organism can be regenerated through proliferation 84 of stem cells to produce new tissue de-novo and remodeling of the remaining tissue [24] . 85 We take a dynamical view of planarian stem cell system [25, 26] and thus formulate our 86 models as nonlinear dynamical systems in which the nonlinearity arises through feedback 87 control. Although intraspecific variation exists, we ignore it for now. 88 We develop two models based on current knowledge of planarian stem cell biology. 89 The first has neoblasts, non-mitotic progenitor cells, and three kinds of di↵erentiated 90 cells (three chosen for simplicity of setting parameters; the methods scale readily for an 91 arbitrary number of di↵erentiated cells). In the second model, we assume only one kind of 92 di↵erentiated cell and that the progenitor to di↵erentiated cell transition is essentially in-93 stantaneous. This allows simplification that makes presenting some results clearer without 94 losing any general principles. 95 We next give verbal and pictorial descriptions of the models, which are fully formulated 96 in the Methods section. We then turn to Results beginning with steady state prediction 97 of planarian size in relation to food in the environment and show that both the strength of 98 feedback control in response to food in the environment and the constancy of the fraction 99 of neoblasts are emergent properties of the model. We use the full model to explore In the Methods we describe the models as a discrete time dynamical system (obtained 108 by writing a system of di↵erential equations in a form suitable for numerical solution). 109 Here we give both verbal and pictorial (Figure 1 ) descriptions of the model. In Figure 1a 110 we show the cell types and their transitions, along with the resource pool Q. We assume 111 that neoblasts, N , are immortal and do not directly transition to di↵erentiated cells, but 112 rather go through a progeny P cell that is no longer mitotically active but which is not and P ! D 1 , P ! D 2 , or P ! D 3 .
118
These transitions have a maximum rate that is modified by feedback control. In Figure   119 1b, we superimpose feedback control links on these transitions. Beginning from the left 120 of the figure, neoblasts exert positive feedback f N (N ) (purple line) on the N ! P, P 121 transition in the sense that as the number of neoblasts increases, f N (N ) increases; it 122 ranges between 0 and 1. The resource pool Q also has positive feedback on all transitions, 123 in the sense that with larger resource pools the rate of transition is higher. However, 124 we assume that the resource pool operates di↵erentially on the di↵erent transitions, so 125 use a 1 (N, D, Q), a 2 (N, D, Q), a 3 (N, D, Q) to indicate the feedback control of the resource 126 pool on N ! 2N , N ! N, P and N ! P, P respectively. Finally, the di↵erentiated cells 127 exert negative feedback control on the transitions, in the sense that as the number of 128 di↵erentiated cells increases, the rates of transitions decline, sharing a common feedback 129 control f D (D) where D is the vector (D 1 , D 2 , D 3 ). We assume the that the di↵erentiated 130 cell in shortest supply sets the feedback control (details given in Methods).
131
In the absence of an external source of mortality, the only transition for di↵erentiated 132 cells is D i ! Q through cell death, which occurs for cell type i at rate M i (N, D, Q) .
133
In addition, progenitor cells may either fully di↵erentiate or return to the resource pool 134 through apoptosis. We assume that the rate of the former is determined by a function 135 f Q (Q) that increases as the size of the resource pool increases.
136
In Figure 2 , we show the feedback functions and the resource dependent rate of apop- to be schematic rather than accurate representations. In Figure 2d control is independent of resources and only depends on the number of di↵erentiated cells 176 (i.e., the a i (N, D, Q) = 1 and f Q (Q) = 1 ). We then turn to remodeling of a planarian 177 following fission. To do, this we assume that the initial cell numbers are a small fraction 178 of their steady state values and that neoblasts and di↵erentiated cells are out of their 179 homeostatic levels. Thus we anticipate that as the planarian regenerates it will need to 180 change the number of neoblasts and mixture of di↵erentiated cells (decreasing some that 181 remain in excess) so that there will be a burst of mortality following fission, increasing the 182 resource pool which is then used to regrow towards the steady state. We use the simplified 183 model to study cell activities during growth, shrinkage, regrowth, and regeneration, and because the increasing food supports more cells overall. Thus, we predict that the strength 198 of the signaling system between di↵erentiated cells and neoblast activity will respond to 199 external food.
200
In Eqns 15-21, we show that the fraction of neoblasts in the steady state is constant, After a natural fission, the neoblast proportion is probably slightly higher than the normal 216 steady state, but many di↵erentiated cell types will be much lower than steady state and 217 others will be higher. For example, in tail fragments neurons will be lower than the 218 steady state and gut cells higher. In Figure 6 , we show cell dynamics during remodeling 219 following a fission. We assume that the initial cell numbers are 50% of the steady state 220 number of neoblasts, and 10%, 30%, and 5% of the steady state values of the three kinds 221 of di↵erentiated cells respectively (rather than 25% neoblasts and 40%, 30%, 30% relative In-silico Experiments (Simplified Model) 228 We first repeat growth, shrinkage, and regrowth using the simplified model ( Figure 7) to 229 verify the same qualitative patterns. We started the planarian at 20% of the steady state 230 size associated with food level Y e = 240 and then varied food over time as shown in Figure   231 7a. The planarian grows towards its new steady state until food is decreased at t = 70, 000 232 and then again at t = 150, 000 and in response the planarian size decreases (Figure 7b ). the specific parameter values is still not clear but a full analysis is beyond the scope of 243 this paper.
244
In Figure 8 , we show the results of the in silico excision experiment in which we 245 allow the planarian to grow to its steady state size for the given food environment and 246 then at t = 70, 000 remove di↵erentiated cells via 'excision'. This leads to an increase in is recovered by about t=85,000 and although the feedback function f D returns to its 251 previous value at approximately the same time, the feedback function f N takes much 252 longer to return to its steady state. These results can be compared to experiments in [31] .
253
In Figure 9 we show the results of a similar 'X-ray' experiment: After the planarian has 254 reached its steady state size at t = 70, 000 neoblasts are removed. Since we assume that Much remains to be done, including comparing models to data explicitly, evolutionary 280 origins of the steady state fraction [32] , spatial dynamics of cells [33] , and extension to 281 stochastic models [34] . All of this requires the work here, which can thus be regarded as 282 a first step towards the full modeling of the planarian stem cell system.
283
Methods
284
We first describe the states that characterise the planarian, feedback control, and the 285 dynamics of states. After that we determine the steady state and then discuss dynamics, 286 and how in silico experiments can be performed to match empirical studies.
287

States and Transitions 288
We let N (t) denote the number of neoblasts at time t, D i (t) the number of di↵erentiated 289 cells of type i at time t, for i = 1, 2, ...I (in computations we set I = 3), and
) the entire collection of di↵erentiated cells.
291
We denote the number of non-mitotic but undi↵erentiated progeny and resource pool 292 at time t by P (t) and Q(t) respectively. We let lower case indicate specifc values of 293 these dynamic variables. We consider three kinds of transitions: 1) asymmetric neoblast 
301
We assume that the fraction of neoblasts undergoing the N ! 2N transition is
where p 1 is a fixed value (we explain below how it is set, in the section on parameters) and a 1 (n, d, q) is determined as follows. If m r is the metabolic rate of neoblasts and di↵erentiated cells (which we assume, for simplicity, to be the same) and m d is the cost of division, then q 1 = m
is the metabolic cost of maintenance of the existing cells and q 2 = q 1 + m d p 1 n is the level of resources needed to maintain all existing cells and support all asymmetric neoblast renewals. We let q 12 denote the average of q 1 and q 2 and model the feedback control on N ! 2N divisions by a Hill-type function
as long as q > q 1 ; otherwise we set a 1 (n, d, q) = 0.
302
The transitions N ! N + P and N ! 2P involve resource-dependent and cellnumber dependent feedback control. We assume that the fraction of neoblasts undergoing
where p 2 is a fixed value, a 2 (n, d, q) is determined in a manner similar to above and
where ↵ i is sets the strength of control from di↵erentiated cells to neoblasts. The "max i " means that the di↵erentiated cells that are in most demand set the level of feedback control. Given this control, q 3 = q 2 + f D (d)m d n is the level of resources needed to support all N ! N + P transitions. We let q 23 denote the midpoint of q 2 and q 3 and set
as long as q > q 2 ; otherwise we set a 2 (n, d, q) = 0.
303
We assume that N ! 2P involves an additional feedback control from neoblasts; so that when neoblast numbers are low this transition is suppressed. We set
Since the exponent will be 0 when n = N c , f N (N c ) = 0.5. The parameter N controls 304 the sigmoidal or S-shape of f N (n) . As N declines, f N (n) becomes more and more knife-305 edged, close to 0 when n < N c , close to 1 when n > N c but still 0.5 when equality holds.
306
In the limit that N is very large (i.e. many times greater than n could be) f N (n) is close 307 to 0.5 regardless of the value of n. We assume that N and N c are proportional to the 308 steady state number of neoblasts, and are thus also environmentally determined by the 309 level of food (see below, Parameters).
310
The fraction of neoblasts undergoing N ! 2P transitions is p 3 a 3 (n, d, q)f D (d)f N (n) where p 3 is a fixed value, and a 3 (n, d, q) is determined in a manner similar to above. That is, we set q 4 = q 3 + f D (d)F N (n)m d p 3 n, q 34 to be the average of q 3 and q 4 , and
if q > q 3 and 0 otherwise.
311
Note that the maximum fraction of neoblasts active in one unit of time is p 1 + p 2 + p 3 , 312 which provides a link between the cell cycle and the physical meaning of the time unit 313 (see Parameters).
314
The Dynamics of Neoblasts 315 We write the dynamics as di↵erence equations rather than di↵erential equations for two reasons. First, even if written as di↵erential equations, the dynamics have to be solved numerically, requiring conversion to di↵erence equations. Second, the use of di↵erence equations makes the balance for the cell dynamics more explicit. With these assumptions, the dynamics of neoblasts are
For those who prefer di↵erential equations, one can proceed as follows. First replace N (t + 1) on the left hand side by N (t + t) where t is a suitably small unit of time.
Second, define r i by r i = p i t. Then we have
Thus, our di↵erence equations are an Euler-method for the solution of the di↵erential 316 equations.
317
The Production of Progeny
318
As described above, we envision an intermediate progenitor cell between neoblasts and fully di↵erentiated cells. This progenitor is not mitotically active and may continue development to a fully di↵erentiated cell or may return to the resource pool. This is an ine cient process, but important if food finding is stochastic and lineage commitment must be made before food is searched for. In light of the feedback functions described above, the total production of progenitor cells at time t is
We assume that a fraction 1 f Q (Q(t)) of these progeny are returned to the resource pool 319 and that the remaining fraction complete di↵erentiation. For computations we assume 320 f Q (q) = 1 exp( Q q), so that f Q (q) ⇡ Q q when q is small and f Q (q) ! 1 as q increases.
321
For cases in which we assume su cient resources, we assume f Q (q) = 1.
322
Dynamics of Di↵erentiated Cells
323
To model the dynamics of di↵erentiated cells, we must capture two processes: the mor-324 tality of di↵erentiated cells and the distribution of progenitors across the diversity of 325 di↵erentiated cells . 326 We let D i denote the target number of di↵erentiated cells in the steady state planarian, which we assume is set by natural selection and thus exogenous to the dynamics of cells within the life of a planarian. Then
is the fraction of di↵erentiated cells of type i in the steady state. Similarly, we let ⇢
represent the fraction of di↵erentiated cells of type i at time t. We assume that the rate of mortality of di↵erentiated cells depends upon i) how far D i (t) is from D i (t), ii) how far ⇢ i (t) is from ⇢ i (t), and iii) whether there are su cient resources to maintain existing neoblasts and di↵erentiated cells. In particular assume that the rate of mortality of di↵erentiated cells of type i, given
where µ Q (n, d, q) is the resource-dependent rate of mortality, which we determine as follows. We set q µ = 1.5q 4 and assume that if q > 10q µ then µ Q (n, d, q) = 0 and otherwise
In the second term of Eqn 9 µ i , D i and ⇢ i are fixed parameters. Note that when the 327 planarian is in homeostasis with su cient resources (µ Q (n, d, q) = 0), so that d i = D i 328 and ⇢ i = ⇢ i , the second term on the right hand side of Eqn 9 is µ i .
329
To determine the allocation of progenitors across the di↵erent kinds of di↵erentiated cells, we follow the relative need assumption as described above, the measure at time t for the need of the i th kind of di↵erentiated cell is D i D i (t) so that the relative need for the
. With these assumptions, the dynamics of di↵erentiated cells
The Dynamics of the Resource Pool
330
The resource pool increases by acquisition of resources from the environment, from progenitors that are directly returned to the pool and from di↵erentiated cells that die. It decreases due to metabolism of neoblasts and di↵erentiated cells and through cell divisions. We assume that resource gain from the external environment is Y e D 1 (t) where Y e is a metric of food availability in the external environment, D 1 (t) is the number of di↵erentiated cells used for food gathering and < 1 is a parameter accounting for not all cells being able to accumulate resources from the external environment. Resources returned to the pool from a progenitor that dies are p and from a neoblast or di↵erentiated cell that dies is . Since m r and m d denote the resource cost of metabolism and division, the dynamics of the resource pool are
The continue to full di↵erentiation, rather than returning to the resource pool.
335
The neoblast dynamics (Eqn 6) become
We assume that at the steady state all the feedback functions in Eqn 2 take the same value, so that for each i
with to be determined. Using Eqn 14 in Eqn 13 we have
( 1 5 ) Note that this equation only makes sense if p 1 = p 3 . However, in light of Eqn 14, < 1, 336 so we conclude p 1 < p 3 as a condition for the steady state.
337
In this steady state, the production of non-mitotic progeny is, from Eqn 8,
( 1 6 ) and Eqn 11 becomes
Using Eqn 16 in Eqn 17 we obtain
so that
We now define
which allows us to write D i = w i N . Consequently the fraction of neoblasts in the steady state is
Thus we predict the same proportion of neoblasts in a planarian at the steady state, 338 regardless of the number of cells and that this proportion is determined by the transition 339 rates and rate of death of di↵erentiated cells. In addition, the µ i will determine the relative 340 abundance of di↵erentiated cells in the steady state (and dynamically changing animal as 341 well). For computations, we set µ i = s i µ 0 , where µ 0 is the baseline rate of mortality for 342 di↵erentiated cells and s i is a modulator according to the kind of di↵erentiated cell.
343
In the steady state, Eqn 12 becomes
Since D i = w i N this becomes an equation for the number of neoblasts
which we solve to obtain
Once this equation is solved, we compute the number of di↵erentiated cells from D i = w i N and then determine the ↵ i by solving
Since the steady state number of neoblasts, and thus of di↵erentiated cells depends upon 345 the level of food in the environment, environment-dependent feedback control is an emer-346 gent property of the model.
347
Size-Cell Number Relationship
348
We compute the size of the planarian using the data from Table 1 of [15] , which reports cell numbers and size for Dugesia mediterranea of 4, 7, 11, and 16 mm. We assume that size is determined only by the number of di↵erentiated cells. Using those data, size S(t)
at time t when the number of di↵erentiated cells of type i is D
(R 2 =0.99993 for the log-log plot).
349
Growth Without Resource Constraints 350
If we assume that there are su cient resources to support all divisions, then the full 351 dynamics simplify considerably. That is, if we set a i (N (t), D(t), Q(t)) = 1, µ Q (N (t), D(t), 352 Q(t) = 0, f Q (Q(t)) = 1, and the resource dependent mortality in Eqn 9 to 0, then
In this case, the dynamics of the resource pool are irrelevant. During such growth, the 354 number of di↵erentiated cells of type i dying in an interval of time will be Q(t) ) so that the per capita death rate of these di↵erentiated Q(t) ). This per-capita mortality is partitioned between 357 the two types of non-steady state distribution of cells according to the relative values of 358 the terms in Eqn 9. Our formulation allows us to separate mortality due to unbalance from 359 the steady state level and mortality due to unbalance from the steady state proportions.
360
A Simplified Version of the Model
361
For some questions, a version of the model with only one kind of di↵erentiated cell su ces.
We briefly describe that version now. We replace the mortality function in Eqn 9 by µ Q (n, d, q)+µ where µ Q (n, d, q) is interpreted as before and µ is a baseline rate of mortality. With this assumption the dynamics of neoblasts and the di↵erentiated cell type become
and
and the dynamics of the resource pool are
To compute the steady state without resource constraints, we set all the a i (n, d, q) = 1 and f N (n) = 1 and µ Q (n, d, q) = 0 (i.e., there are su cient resources and neoblasts that transitions happen at their maximum possible value modified only by the feedback control from di↵erentiated cells and there are su cient resources that resource dependent cell death does not occur). Following the procedure as above for the full model, we find
(1 e µ )p 3
so that if we set ⌘ = (1 e µ )p 3 p 1 [p 2 +2p 3 ] the fraction of neoblasts in this steady state is ⌘ ⌘+1 .
362
In this simplified model, the steady state number of di↵erentiated cells is determined
(1 e µ )
Parameters 363 Although every parameter that is used in these models can be measured, most of them 364 have not at this time. Indeed, one role of a paper such as this is to motivate empiricists to 365 measure the parameters. We now explain how we determined the parameters. In general, 366 we focus on the full model. When the simpler one di↵ers from the full model, we explain 367 the di↵erence.
368
Fundamental Transition Rates Since we have used a discrete time model, in a unit of 369 time that maximum fraction of neoblasts that are active is p 1 + p 2 + p 3 . This fraction 370 implies a correspondence between a unit change in the time variable in the model and in 371 physical time. The parameters are otherwise unconstrained except that p 1 < p 3 to ensure 372 that a steady state exists. For computations here, we set p 1 = 0.0001, p 2 = 0.0005 and 373 p 3 = 0.00015.
374
Food Gathering and Metabolic Rates We assume that the exponent in Eqn 12 is 375 described by the classic relationship between a linear variable and surface area, i.e. = 2/3 376 (qualitatively similar results are obtained with other choices, such as = 0.75). We choose 377 metabolic rates in units so that the metabolic rate of a neoblast or di↵erentiated cell is 378 m r = 1.0 and assume that the cost of division is 4 times that, i.e. m d = 4.0 . We 379 assume that when a cell apoptoses 80% of its resources return to the resource pool so that 380 = 0.8m d . In this framework, we understand food in the environment, Y e in Eqn 12, to 381 be multiples of m r .
382
Rates of Cell Death We assume that the µ i in Eqn 9 are multipliers of a basic mortality 383 rate µ 0 so that µ i = s i µ 0 . We choose µ 0 = .00015 and s 1 = 0.75, s 2 = 1.0 and s 3 = 1.
384
In the absence of resource constraints or deviations from homeostasis, the expected cell 385 lifetime predicted from Eqn 9 is 1 µ i , which is another way of setting the link between one 386 unit of time in the model and chronological time. We set D i and ⇢ i in Eqn 9 equal to 387 15% of the steady values of D i and ⇢ i . For the results reported in this paper, we assume 388 su ciently large resources so that µ Q (n, d, q) = 0. 
400
In silico Experiments
401
With the full model, we do the following. First, we compute the steady state size as a 402 function of food level. From that we compute the strength of feedback control. We then 403 compute the size, total mortality of di↵erentiated cells, and fraction of neoblasts under 404 a temporal pattern of food in which food is dropped and then subsequently increased 405 but there are su cient resources for all the a i (n, d, q) = 1 and µ Q (n, d, q) = 0. Fourth, 406 we follow the dynamics of cells during remodeling following a division, again under the 407 assumption of su cient resources. To do, this we assume that the initial cell numbers are 408 50% neoblasts, and 10%, 30%, and 5% of the three kinds of di↵erentiated cells respectively 409 (rather than 25% neoblasts and 40%, 30%, 30% relative distribution of di↵erentiated cells 410 in the steady state).
411
Using the simplified model, we do the following. First, we follow the dynamics during 412 growth and regrowth. Second, we consider an excision experiment: we grow a planarian 413 and then at time t=70,000 the number of di↵erentiated cells is reduced by 25%. For the 414
x-ray experiment, we assume that at time t=70,000 the number of neoblasts is reduced 415 by 25%. 
Figure Legends
